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(Probability Distribution and Expected value of Random Variables)
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Definition 1 A random variable X is said to be discrete if it can assume only
a finite or accountably infinite number of distinct values.
Example 1
In the tossing of three fair coins, let the random variable X be defined as X = number of tails.
Then X canassume values 0, 1, 2, and 3. We can associate these values with probabilities in
the following way:
P(X=0)=P{H, HH}) = 1/8
PX=1)=P{H H T} U{H TH U (T, HH}) =38
PX=2)=P{T, THHU{TH T U{H T, T}) =38
P(X=3)=PAT, T, T})=1/8.
IEnIE suanImMsuanuasanuivesanutiesduldesi

X 0 1 2 3
p(x) 1/8 3/8 3/8 1/8
Let X be a discrete random variable assuming values x1, x2, x3, . . .. Rl atar I R

Definition 2 The discrete probability mass function (pmf ) of a discrete random
variable X is the function
p(xi)=P(X=xi),i=1,2,3,...
A probability mass function (pmf) is more simply called a probability function (pf).

The cumulative distribution function (cdf ) F of the random variable X is defined by

F(x) = PX < x)

For —©O9<x<©O9,



A cumulative distribution function is also called a probability distribution function or simply the
distribution function.
The probability function p(x) is nonnegative. In addition, because X must take on one of the

values in {x1, x2, x3 .. .}, we have 2?021 p(XL) = 1.

Example 2

slumﬂalum%myl,ﬁmma 1m‘%myaaoﬂ%v‘aﬁ sample space S = {HH, HT, TH, TT}l#% X \Ilu
IWIBNIIDONA

(a) Find the probability function for X.

(b) Find the cumulative distribution function of X.

Definition 3 Let X be a random variable. Suppose that there exists a nonnegative real-

valued function: f: R = [0,9°) such that for any interval [a, b],

b
P(X €[a, b)) = f filedr.
a

Then X is called a continuous random variable. The function f is called the probability density
function (pdf) of X.

The cumulative distribution function (cdf) is given by
x
Flx)= P(X <) = f fitt.
=0

For a given function f to be a pdf it needs to satisfy the following two conditions: f(x) = 0 for all
values of x, and _g"fox filx)dx = 1.

Also, if f is continuous, then —F-? = f(x), where F(x) is the cdf. This follows from the fundamental
theorem of calculus. If f is the pdf of a random variable X, then

b
Pla=X<b = [f[.r]d.r.

a

Figure 2.5 represents Pla = X = b).

As a result, for any real number a, P(X = a) = 0. Also,
Pa=X=b=Pla=X=b)=Plaz=X<bh)=Pa=X<h).

If we have cdf F(x), then we have

Pla< X < b) = F(b) — Fla).



SOME PROPERTIES OF DISTRIBUTION FUNCTION

1. 0= Fix) = 1.
lim Fix)=0and lim Fix)=1.
X— D00

2.
X——00
3. Fis anondecreasing function, and right continuous.

Example 3
Lat the function
_ X x=0
Xl=
1) 0, otherwise,

{a) Forwhatvalueof A is f a pdf?
(b) Find Fix).

Solution
{a) First note thar fix) = 0. Now, for f(x) to be a pdf, we need foDC fix)dy = 1. Because f(xj =0

for x <0,
Therefore & = 1. See Figure 2.6
o

8
1 = f fix)dy = dxe dr
=
0
o
f ¢ *dx |(using integration
0

e Ydv = __w—.r‘gﬁ +
by parts)

= A

{‘-_'_"1'8

— =

0- 1,—.r|301| =i

=

0.5 1

Pla=X=h)

0.4 1

0.3 1

Fx)

0.2 1

0.1 1

0.0
X Data

W FGURE 2.6 Probability as an ama under a curve,
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W FIGURE2.8 Graph of Fix), x = 0.
(b} The cumulative distribution function is
a, x =0

x
Fix) = [__F"[!:Idfz

— 0

fn’_"dr =l—ix+11e", x=0
0

Figure 2.8 represents the cumulative distribution

Example 4
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v, D=w=1
fivl=41, 1l =yv=1.5

{a) Find F(y),
(b} Find PiD = ¥ =< 0.5),
(c) Find P(0.5 = ¥ = 1.2).

Solution

0, elsewhere.

(a) The graph of the density function fiy) is shown in Figure 2.9
Fram the definition of cdf, we have (Figure 2.10)

v

Fiyi = [j'[:}dr:

—aa
0.
_1.'2_.1"2.
B v— 172,
L.
fi¥) 7
.1
T T T T T T 1
1 ¥

W FIGURE2.9 Graph of f(y).
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M FIGURE2.10 Graph of cdf.



(b) The probability,

P(0 <Y <0.5) =F (0.5 — F(0)
= (0.5)2 /2 = 1/8 = 0.125.

()

PO5S<Y <1.2)= F(1.2) — F(0.5)
={1.2—1/2) —0.125 = 0.575.

Moments and Moment- Generating Functions
A A A9 o & A a \ < A A A ' &
nisluisasnlfselodannigalungujrasanuiazndufaitasdnaainisazdu
18977UL3§W (Expected Value of a Random Variable) lauviluddafiatndudiununfnga
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il (Expected Value)
Definition 4 i1 x \ududsguriialddaiiies uaziimauanuasananihazidu pf p(x)

v 1 td. 1 I g 1 v
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w=E(X)= Z_rp[_r], provided E |x] plx) = oo
all x all x

Definition 5 11 x Lludulsguriiasaiiies uazlinruanuasanaiaziiln pdf p(x) ui

fnaanazduraiainds suntndszaimantaann

o

oo
w=EX)= f xfixidx, provided [ |x] fix)dy = o0,
—aa

—0DC

The expected value of X is also called the expectation or mathematical expectation of X. We denote
the expected value of X by .

Example 5
Let

1, with a probabilitv 172
0, with a probability 1/2.

Then E(X) = 1(1,2) 4+ 0{1/2) = 1/2.



Example 6

Let X be a discrete random variable whose probability density function is given in the following table:

]
|

[y
"-i'— [a)
—| =
[
—| L
[ [
1= 1n

~ i

plx)

Find E(X).

Example 7

Let X =0 be an integer-valued random variable such that P{X =n) = p,. Show that EX =
Yoy P(X = n).

Solution
Using the definition of expectation, and the fact that (0)({po) = 0, we have
oG
EX = E"F” =lp1+2p2+3p3+---
n=l

=p1+p2+p3+--
+p2+p3t+pst+--
+pitpat--

=PX=z1D)+P(X=2+---

o
= E P(X =n)

n=I1
Definition 6 mWLLiJsﬂimmaaé'miJiﬁju X gﬂﬁmu@mmsnmvl,ﬁmﬂ

o2 = Var(X) = E(X — u)?

The square root of variance, aenoted by o, is called the standard deviation.

The variance is a measure of spread or variability of values of a random variable around the mean.

EXPECTATION OF FUNCTION OF A RANDOM VARIABLE
Theorem 2.6.1 Let gi X) be a function of X, then the expected value of g(X) is
Y pix)plx), if X is discrete

E[gX)]=q =
[ glx) fix)dx, if X is continuous
—no

provided the sum or the integral exists.



SOME PROPERTIES OF EXPECTED VALUE AND VARIANCE
Theorem 2.6.2 Let ¢ be a constant and let g( X), g1(X), .. .. gn(X) be functions of a random variable X such
that E(g(X)) and E(g;(X)) fori = 1,2, ..., n exist. Then the following results hold:

(a) E(c) =c.

(b) Elcg(X)] = cE[g(X)].

(c) E[Es: )= ZE[gf

(d) Var {aJ{ +b) = ai Var(X). In particular, Var(aX) = a* Var(X).

(e) Var(X) = E(X?) - p.

Proof. Proof of (a) through (d) will be given as an exercise. We will prove (e).

VariX) = EiX —j_-'..]z
= E(J{2 —2Xu +}.E2)

— E r?} — I E(X)+ p?

Il
r

(
- 5(1{3} —2p?
(

J{E}

Example 8

A discrete random variable X is said to be uniformly distributed over the numbers 1,2, 3,...,n,if

Pix=in= L i=1,2,... .n

n

Find EX and Var(X).

Note

Even though the mean p and the standard deviation e are significant descriptive measures that locate
the center and describe the spread or dispersion of probability density function f(x), they do not
provide a unique characterization of the distribution. Two distributions may have the same mean
and variance and yet could be very different, as in Figure 2.12.

To better approximate the probability distribution of a random variable, we may need higher
MOMents.
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Variance =1 Variance =1

W FIGURE 2.12 Same mean and variance.

Definition 2.6.4 The kth moment about the origin of a random variable X is defined as EX* and
denoted by piy, whenever it exists. The kth moment about its mean (also called central kth moment)
of a random variable X is defined as E[{X— _u}k] and denoted by . k= 2,3, 4, ..., whenever it exists.

In particular, we have E(X) = p| = p, and ¢? = 1. We have seen earlier that the second moment
about mean (variance, %) is used as a measure of dispersion about the mean.

Definition 2.6.5 The standardized third moment about mean

M_Eﬁ—mg_ng
- 3 - 3/2
ia #2

is called the skewness of the distribution of X. The standardized fourth moment about mean

E(X — p)
e

is called the kurtosis of the distribution.

Let X be a random variable with pf

pix) = (n) = p x=0,1,2,... .0
x

{This random variable is called a binomial random variable, and the pf is called a binomial distribution.)
Show that M yir) = [[1 —-pl+ pf’]", far all real values of ¢, Also obtain mean and variance of the random
variable X
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Definition 2.6.6 For a random variable X, suppose that there is a positive number h such that for —h <=t < h
the mathematical expectation E (¢%) exists The moment-generating function (mgf) of the random
variable X is defined by

3 e pix), If discrete
Myi(t)y= E(eX) = .
( ) [ e fix)dx, if continuous

An advantage of the moment generating function is its ability to give the moments. Recall that the
Maclaurin series of the function €% is

(m)® ()? ()"

.rle r o i s
¢ TR Y Ry

By using the fact that the expected value of the sum equals the sum of the expected values, the
moment-generating function can be written as

ST T

2 3 n
Myl = E[frx] = E|:1 +iX + (:X) (X) (X) + - :|

—1 +rE[X]+;E[X2]+ ;E[ﬂ] +o 5£[x"]+---

Taking the derivative of My (f) with respect to r, we obtain

dMx (1) ., ol
—— = My () = E[X] +E[X] + er[J{ ]
1.3 3 r{n—l}
+§E[J{ ]+---+m5 X"

Evaluating this derivative at t = 0, all terms except E[X] become zero. We have
MY (0) = E[X].
Similarly, taking the second derivative of M (¢}, we obtain
my o = E[x?].

Continuing in this manner, from the nth derivative MEE’J (1) with respect to t, we obtain all the moments
to be

MPO) =E[X"], n=1.23,.. .

We summarize these calculations in the following theorem.
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Theorem 2.6.3 If My () exists, then for any positive integer k,

4" My (1)

—| = MY (0) = il

=0

The usefulness of the foregoing theorem lies in the fact that, if the mgf can be found, the often dithcult
process of integration or summation involved in calculating different moments can be replaced by
the much easier process of difterentiation. The following examples illustrate this fact.

Example 9
Let X be a random variable with pf

plx) = (”) P=p x=0,1,2,...n.
X

(This random variable is called a binomial random variable, and the pf is called a binomial distribution.)
Show that M y(r) = [[1 -pi+ pf’]", for all real values of 1. Also obtain mean and variance of the random
variable X.

Solution
The moment-generating function of X is

—_ Xy _ . e[} x T B
My(t) = E(e )—;f (I)P (1—p)

-y (j) (pe'y (1 = p)" ™",
x=0
Using the binomial farmula, we have
Myt = [pd +(1-p)]", —00 <t =00
The first two derivatives of Mx(t) are
Mty =n[(1 — p) + pe' ] (pé)
and
M0 =nin = D[ = p) + pe'] "7 (pe') +n[(1 = p)+ p]" 7 (pe).

Thus,

p=E(X)=My(0)=np



12

belalel
gl = E(J{z) — = M"0) — [f!p]2

=nin — 1}p2 +np— I:H_F':Il =np(l — p).
Example 10

Let X be a random variable with pdf given by

Le=%/f x=0
fx =17 |
0, otherwise.

Find mgf My it).
Solution
By definition of mgf,

—a

Myt = [ e fx)dx
50
v 1
= [ et ﬁdt’
L ||3
0

GVIEDN
1 B 1 1

Bl—p 1-p ' F

PROPERTIES OF THE MOMENT-GENERATING FUNCTION
1. The moment-generating function of X is unique in the sense that, if two random variables X and ¥
have the same mgf (My (f) = My (1), for £ in an interval containing @), then X and ¥ have the same

distribution.
2. If X and ¥ are independent, then

My gy (t) = My (My (t).

That is, the mgf of the sum of two independent random wvariables is the product of the magfs of the
individual random variables. The result can be extended to 'n’ random variables.

3. LetY = aX + b.Then
My (t) = eP My (at).
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1.
The probability function of a random variable ¥ is given by p(i) = —:1— i=0,1,2,
where A is a known positive value and ¢ is a constant.
(a) Findec.
(b) Find P(¥ = 0).
(c) Find P(Y = 2).
2.

The probability density function of a random variable X is given by

. cx, OD=x=4
fix) =

0, otherwise.

(a) Findc.
(b) Find the distribution function F{x).
(c) Compute P(1 = x = 3).

3.

The grades from a statistics class for the first test are given by

X; | 96 | 87 | 65 | 49 | 77 | 74 | 99 | 68 | 56 | 84
p(x) | 3/15 | 2/15 | 1/15 | 1/15 | 2/15 | 1/15 | 1/15 | 1/15 | 1/15 | 2/15

{a) Find mean g and variance o?

(b) Find the mgf.

4.

The probability density function of the random variable X is given by

2. 0=x<l.

- Ex—ll.'z—j‘l J. '.r*_iE..
fix) = ; N

br—3) . 2= x =3,

0, otherwise.

Find the expected value of the random variable X.
5.

Let the random variable X be normally distributed with mean 0 and variance &, Show that
E(X¥+1)=0, wherek =0,1,2,....



