3. Matrix Inversion

3.1 Determinants and Nonsingularity
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If |A| = 0, the matrix is singular and there is linear dependent among the equations. No
unique solution is possible.
If |A| # 0, the matrix is nonsingular and there is no linear dependent among the equations.
No unique solution can be found.
The rank p of a matrix f ai‘hmuﬁumﬁq AU linearly independent rows 30 column
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Vo4 matrix AUl A iy singular matrix ¥ n X n
If p(A) = n, Aisnonsingular and there is no linear dependence

If p(A) < n, Aissingular and there is linear dependence

Example 1 1v1¥1 |A| uag [B| Tagh A= ,B=
79 6 9
1NgAT |A| =6(9) - 4(7) =26
IN3e |A| # 0, the matrix is nonsingular WUAD there is no linear dependence 7 219N row NU
columns. The rank of A is 2, weu lan p(A)=2
For [B| =4(9)-6(6)=0
IN3e |B| = 0, the matrix is singular and linear dependence exists § 213N row NU columns.
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3.2 Third-order determinants
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AW130%1 |A| =8 +3(-1) +2
1 3 5 3 51

= 8(12-7) - 3(18-35) + 2(6-20)
=8(5)-3(-17) + 2(-14)
=63

3.3 Minors and Cofactors
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Cofactor ‘Cij‘ A9 minor NMIMINVIATOINUY (+,-) NHVO sign of a cofactor is
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|A| = ap |C11| T a; |Clz| T a3 |(:13|Jr A, |Cl3|+a14 |C14|

3.4 Cofactor and Adjoint matrixes

LA a P ) ] a 9
Cofactor matrix A9 [UATNENNNAUHUILUNUNAIY Cofactor ‘Cij‘

Adjoint matrix Ao transpose of a cofactor matrix , Hufe

Cul [Cal [Cu Cul [Cal [Cu
C=||C,| [Col [Cl AdjA= C'=||C,| [Cy [Cy
Cal [Caf [Cs Cal [Ca| [Cs
2 31
Example 3 fmualdA=(4 1 2
5 3 4
‘1 2‘ _‘4 2‘ ‘4 1"
34 PB4 B3|, o -
' 31 2 1 2 3
#i1 Cofactor POU C = —‘3 4‘ ‘5 4‘ —‘5 3‘ -9 3 +9
3.1 21 23 5 0 -0
L2 42 ja 1]
W1 AdjAfe C’
-2 -9 5
AdjA=C'=|-6 3 0
7 9 -10



3.5 Inverse matrixes

Inverse Matrix , A, azw11&mwiznsdiniilu square matrix, Nonsingular matrix A uagi]
unique solution Hune
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Example 4 1911 Inverse ¥4 A lodmiuali A= -2 3 1
3 -1 4
Sol" 1) Check that it is square matrix , here 3x3
2) Evalute the determinant to be sure |A| ?ﬁ 0
~»only nonsingular matrixes can have inverse.
|A| =4(12+1) - 1(-11) -5 (-7)
=52+11+35
=98 £ 0
. Matrix A is nonsingular ; p(A)=3
3) Find the cofactor matrix of A,
131 ‘—2 1‘ ‘—2 311'
_11 45 43 54 34 _1 13 11 -7
C=—1_4‘ ‘3_4‘ —‘3 1‘= 1 31 7
1 -5 4 -5 4 1 166 14
i 3 1 -2 1 -2 3 |
Then transpose the cofactor matrix to get the adjoint matrix.
13 1 16
AdjA = C=|11 31 6
-7 7 14

4) Multiply the adjoint matrix by

A

= % to get A



(13 1 16]

13 1 16 98 98 98
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-7 7 14 77 14

| 98 98 98]

5) To check your answer, multiply AA*tor AA

Bost products will equal to | if the answer is correct

3.6 Sowing linear equations with the inverse
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Example 5 1nszuuaumsans lildudma X, X vaz X, ludsmsveauaindg
4X, +X,-5X, =38

2X, +3X, + X,

12

3X,-X, +4X, =5
duusn Taldegluzunind AX=B
4 1 -5|x 8
-2 3 1 |x|=|12
3 -1 4 |x, 5
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X=A"'-B
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13 1 168 [104 12 80 [19] [2]

98 98 098 98 98 98 98

11 31 6 88 172 30 490 |
x=|= 2= —|J12|=x=| — —= = |=|—|=|5

98 98 098 98 98 98 98

1011 -8 12 5| |14

14 14 7 |5 | 14 14 7 | 14 _1_

3.7 Cramer’s rule for matrix solutions
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e X iludu)shidesnismidnen, |A| 11y determinant of Coefficient matrix and |A,|

is the determinant of a special matrix formed 10 original Coefficient matrix

Ay . Y
TaetnuNgI8 column of coefficient X; 9178 column vector of constants.

Example 6 Glﬁml% cramer’s rule Glummﬁﬁumﬁmfh X

6X, + 5X,

49

3X, +4X, = 32

1. vuanslugilves mwaing AX =B
sl e
3 41X, 32
2. 11 det of A
Al =6(4)-5(3)=9
3. Then to solve for X, Lmuﬁ column 1 (ﬁﬂﬁ. VI X)) 18 vector of constant 9@ form 11

VDI matrix A,

49 5
A =
32 4

11 detof A, |A,| = 49(4) - 532) = 36

LL’dﬂ%ﬁjﬂiﬁ1ﬂ§’ﬂ Carmer’s rule
Z = M = % =4
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4. To solve for X, ,



UNUAN column 2, (FUd. Vo9 X,) #18 column vector of constant B , 3214 form vy A

6 49 — A
A,| =6(32) —49(3) =45, l9gns X, = =
Sk 32]|2| ()45 =45 i X, = 1
— 45
X = ee—_— =
29
puvelniia
v 24 15
1) 111 Invese matrix W10 A =
8 7
2) 19%1% determinants Tun1sM133l unique solution w3e hinnaumsae l1ii
a) 12X, +7X, =147 b) 2X,+3X,=27
15X, +19X, =168 6X, +9X, =81
3) mﬂﬁau"lwmqaamweumﬁuﬁ’mmmuﬁ’u 2 9tia 9 INANNI 1HMTIAI9aeN IMYBITUA
NeIria
5p, - 2P, =15
-P +8P,=16
PP,

4 fmuald aumsidu IS Al 0.3Y+100i-252=0
AUMIIEU LM A9 0.25Y-200i-176=0
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5) tmuald Y=C+l, uaz C=C,+bY
1919 matrix invesion TuM33EaD Y.C aaonw

6) 1914 Cramer’s Rule Tunisvidiaonvesaumssde i
2) 2X, 46X, =22 b) 18P, —P, =87

-X, +5X, =53 — 2P, +36P, =98



