6.Calculus Multivariable Functions

6.1 Functions of Several Variables and Partial Derivatives
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1. Product Rule

Given z=g(x,y)-h(x,y),
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2. Quotient Rule
Given z = g(x,y)/h(x,y) and h(x,y)=0,
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3. Generalized Power Function Rule
Given z=[g(x,y)[ ,
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6.2 Second-order Partial Derivatives

Given z = f(x,y) we can get
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Example 1 Given_Z = (3X + 5)(2X + 6y) , by the product rule

%:(3x+5)(2)+(2x+6y)(3) =12x+10+18y

% =(3x+5)6)+(2x+6y)0) =18x+30

Example 2 Given Z = (6X + 7y)/ (5X + 3y) , by the quotient rule

oz (5x+3y)6)-(6x+7y)5) 30x+18y-30x-35y = -17y
ox (5x+3yY - (5x +3y) ~ (5x+3y)
oz _ (5x+3y)7)-(6x+7y)3) _35x+21y-18x-2ly 17
oy (5x+3y) - (5x+3y) ~ (5x+3y)
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Example 3 fmualn z = (X3 + 7y2) , 1% Generalized Power Function Rule

%l a7y (o) 126 47y}

%= 43¢ +7y2) -(14y) =56y(x* +7y?)

Example 4 910 Z = 73+ Oxy + 2y° T (a) first order derivative (b) second-order

derivative Ha1¥ (c) cross partial derivative

a) a_ z, =21x* +9y , a_ z, =9x+10y*
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6.3 Optimization of Multivariable Functions

nnileddu 2= f(x, y) lumsmaumngzauiiga aunsanszsi1é Sail
Relative maximum Relative minimum
L f,, f, =0 L f,, f, =0
2 f,, f,<0 2 f,,f,>0
3. fxx-fyy:>(fxy)2 3.fxx-fyy:>(fxy)2
Example 5 mviuald z=2y% —x° +147x—54y +12
a) TH119e3nge  b) nageuNlenuiin1 maximum tag minimum
35M a) take FOC (First order condition)
z,=—3x*+147=0 : z,=6y*-54=0
x? =49 y>=9
X==x7 y =43
My X =£7,y =+3 13111983090 (7,3), (7,-3), (-7,3), (-7.-3)
b) Tack SOC 1Az AATIZHAAINGA , Check the signs ;
z,, =—bX , z,, =12y
z,,(7,3) =—6(7) =-42 < 0 z,(73)=12(3)=36 > 0
22, (7,-3) = —6(7) = —42 <0 7, (7-3)=12(~3) =36 <0
3)2,(-7,3)=—6(-7) =42 > 0 2, (~7,3)=12(3) =36 > 0
4) 7, (-7,-3)=—6(-7)=42 >0 2, (~7,-3)=12(~3) =—36 <0
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Wufe 7,(a,b)-2,,(a,b)>[z,(a,b)f

z,,=0 , z,=0
z.(ab)-z, (ab) > |2, (a.b)f
From (2) (—42)-(-36) > 0°
1,512 > 0
From (3) (42) - (36) > 02
1,512 > 0
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(Constrained Opimization with Lagrange Multiplier)
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(1% k = constant term, A = Lagrange Multiplier)
F(x,y,2) = f(xy)+ Ak -g(x,y)]
wazld F(x,y,4)=0, F,(x,y,4)=0. F,(x,y,4)=0
Example 6 Optimize the function Z = 4X* +3Xy +6Yy2 subject to constraint X + Y = 56
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1) sviualivouailugud

56-x—-y=0 (1)
2) daidou v e
7 =4x" +3xy +6y> + A(56 — x—Y) 2)
3) Take FOC 14 3 N5l
z, =8x+3y-1=0 3)
z, =3x+12y-1=0 4)
z,=56-x-y=0 )

Wiofida 4 101 G)au @) 14
5x—-9y=0, x=1.8y
unu X =1.8y Tu(5)
56-1.8y—-y=0,y,=20
~sgla x=36, 1,=348
unuamaiasly )

z = 4(36)° +3(36)(20) + 6(20)? + (348)(56 — 36 — 20)
= 4(1296) + 3(720) + 6(400) + (348)(0) =9,744

6.5 Total and Partial Differentials

aq 9 . . @ ay
auudli z = f(X, y) 157815011 Total differential Agail
dz=z,-dx+z, -dy
= S| . . . = o o o & S|
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Example 7 fviuale z=x*+8xy+3y°
z, =4x*+8y | z, =8x+9y*
dz = (4x° +8y)dx + (8x +9y?)dy

Example 8 fvuald z=f(x,y)=6x*+7y

o y=g(x)=4x*>+3x+8 , .. Total differential d%x ooyt X fle

d
— =7 +7Z — e

e z,=18x*, z, =7 uay % = 8x+3, unudi (1)
X
% =18x + 7(8x +3) =18x* +56x + 21
X
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Check faeuTlasaewmuii Y = 4x? +3x +8 asluaumsdsduaz 1@

7 =6Xx%+7(4x* +3x+8) =6x° +28x* + 21x + 56

g =18x" +56x+21

dx
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Difle z=(W—x—y)@w+2x—4y) 1 Foc Tasld product rule function

Diile f(xy)=x"y*? T¥m FoC, SOC

3) Wmfmeufinmnzaniigaves f(x,y,z) =4xyz? melddesifia x+y+z=56
4) 1911 total differential dz =z dx+ z,dy niladsuse i

9y?

X—y

b) Z=7x*(8x—7Y) d) z=(x-3y)*

a) Z=7x%y° ©)z=




